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ABSTRACT Previous investigations have shown that Millipore filters bearing
fixed negatively charged sites saturated with organic solvents behaved like cation
exchangers. In this study the mobilities of some cations in bromobenzene-
saturated filters were determined at various membrane compositions. Appreciable
interaction between counterions in the membrane was demonstrated; e.g., Na
was about four times more mobile in a Nag membrane than in a K+ one. The
qualitative nature of the interaction could be summarized as follows: the bring-
ing together of rapid and slow counterions in the membrane made the fast ion
faster and the slow ion slower. Possible mechanisms for such an interaction are
discussed. A quantitative estimation of K and Na mobilities and selectivity
factors at various K-Na fractions in the membrane was made. The above param-
eters were used to compute the potential difference in a K-Na bi-ionic cell.
The calculated bi-ionic potential was found to agree reasonably well with the
measured value.

INTRODUCTION

In a previous study (1) it was shown that Millipore filters (porous discs made of
cellulose acetate and nitrate) saturated with organic solvents sharply discriminate
between cations as indicated by the presence of high bi-ionic potentials across such
membranes. It was subsequently established (2, 3) that these hydrophobic mem-
branes are of an ion exchange type owing to their fixed negatively charged groups
and that the discrimination is also expressed by the selectivity of the membranes
and by the different mobilities of the ions in the membrane.
The present study started with experiments aimed at measuring the relative

K+-Na+ permeability of the membrane and correlating it with the K+-Na+
bi-ionic potential. In the course of the investigation it became obvious that the
mobilities of the ions were significantly affected by the composition of the counter-
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ions in the membrane. The nature and extent of this kind of interaction between
ions in the membrane and its relevance to the calculation of the magnitude of the
bi-ionic potential are the subject of this report.
The organic solvent used in this study was bromobenzene. With this solvent the

resistance of the membrane is relatively small and, therefore, the fluxes of ions
through such membranes could be measured more easily (2).

METHODS

A Millipore filter (cellulose acetate and nitrate1) was placed between two glass chambers
held together by four metal springs (see Fig. 1 in reference 1). After saturating the
filter with bromobenzene the whole cell was placed in a bromobenzene bath and both
sides of the cell filled with the desired aqueous solutions. The solutions could be agitated
by glass-sealed magnetic stirrers. This type of diffusion cell was used both for studying
the fluxes across the membrane and for measuring its electrical resistance.

In studying the properties of the membrane under equilibrium conditions (i.e., identi-
cal solutions present on both sides of the membrane) the membrane was allowed to
equilibrate with the solution for at least 2 hr prior to the experiment. The results of the
experiments indicate that this time interval was more than sufficient to attain equilibrium
throughout the diffusion cell.
The permeability ratio of the membrane for two ions was determined by measuring

the unidirectional fluxes of the ions in an equilibrium cell using radioactive isotopes. The
permeability of the membrane to an ion, p,, is defined as the ratio between the flux of
the ion and its electrochemical gradient across the membrane at zero volume flux. Since
the cell is in equilibrium the unidirectional flux, J,, should be proportional only to the
concentration in the water solution, C,, and the permeability of the membrane namely,
J. 8- C, p,. Therefore, the permeability ratio, P,' is given by

pi = P./Pi = (J,/C,uW)/(J,/C,t). (1)

If the rate-limiting process of diffusion is the passage through the membrane, the flux
is given also by

J, = SD,Ci/l (2)

where S is the area of the membrane, I is the thickness of the membrane, C, is the con-
centraton of the ion in the membrane, and D, is the diffusion coefficient in the mem-
brane. Introducing equation 2 into equation 1 one obtains

Pi' = (Di/D,)(CtCi/C,i1Ci). (3)

The right-hand term in equation 3 can be identified as the selectivity factor K,'. Thus, of
the three parameters-permeability ratio, diffusion coefficient ratio, and selectivity-only
two are necessary for the characterization of the membrane discrimination between two
ions under equilibrium conditions. Since the Nernst-Einstein relationship seems to hold
for these membranes (see section 2 of the Results), the term mobility ratio is used in this
paper as identical with the diffusion coefficient ratio.

Note that uncharged polyethylene Millipore ifiters are also available, the properties of which,
by virtue of the absence of fixed negative charges, are different from those reported here.
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The flux across the membrane was always below 0.6. 10-l mole/sec cm2. The thickness
of an unstirred film is not likely to be more than 0.01 cm (see Fig. 3 in reference 4).
If the ion diffusion coefficient in water is about 10'Q cm2/sec the concentration difference
across the unstirred film is less than 0.6 0I mole/cme. This is less than 1% of the
concentration used in the flux experiments (generally 75 10' mole/cm8). This implies
that the flux in these studies was determined by diffusion through the membrane; the
effect of the unstirred layer was negligible.

The isotopes used in this study were K-, NanF-, or Na'-, and C"-labeled TEA (tetra-
ethylammonium). K+ and Na+ radioactivity was determined by conventional well type
scintillation counter. C1' was measured in a liquid scintillation counter after dissolving
the TEA in 3 cc of ethyl alcohol and adding 7 cc of toluene containing 0.57% PPO and
0.014% POPOP (Packard Instrument Company, LaGrange, Illinois). When studying
fluxes Na+ and K+ simultaneously, the Na2' isotope was used. Its activity was determined
after the activity due to the K'2 had sufficiently decayed. The difference between the
activity due to Nae and the total activity, measured on the day of the experiment, repre-
sented the K'2 activity.

Electrical resistance of the membrane was measured by balancing a Wheatstone bridge
at 1000 cps, using a Tektronix oscillator (Tektronix Inc., Portland, Oregon) as null
point detector. The resistance measured at this frequency was very close to the resistance
of the membrane as determined by studying equivalent series resistance and reactance
at various frequencies and drawing the impedance locus (2). Connection with the
solutions was through platinum electrodes.
The resistance as well as the fluxes of ions through the membrane, unlike the bi-ionic

potentials, depended upon the type and even the batch of filters used. It was therefore
important to use the same batch of filters for every set of experiments in order to make
results obtained from different membranes comparable.

K+-Na+ selectivity was measured in the following way: filters saturated with bromo-
benzene were soaked in water solutions containing various amounts of Na2e Cl and K'
Cl for about 12 hr. The filters were then rinsed once with distilled water and dried by
an absorbent paper. The dried filter was then placed in 1 cc KCI 15 mm solution2 and the
activity of that sample was measured and compared with the activity of Na2' and K' in
the aqueous solution. The sum of Na+ and K+ in membranes having an area of about
3 cme was around 6.10' moles. This value represented the total ion exchange capacity
of the membrane (2). Since the thickness of the membrane is around 0.015 cm, it
follows that the concentration of fixed sites in the membrane was around 1.4.10' equiv-
alents per cc of membrane.

RESULTS

1. K+-Na+, and K+-TEA+ Permeability Ratio. Fig. 1 shows the
simultaneous movement of K+Na+ and K+-TEA+ across a bromobenzene-
saturated filter in equilibrium cells. The isotopes K42-, Na22-, and C14-labeled
TEA+ were introduced into one side of the cell and their appearance in the other

'Due to the relatively low energy of the K' emission, comparable counts per minute are
obtained only by measuring the radioactivity of the isotope when dissolved in the same volume
of solution. Therefore, the activity of K'2 in the solution and in the membrane was determined
in a 1 cc solution.
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Min Min
FiouRE 1 K+ (solid lines) and Na+ or TEA+ (broken lines) fluxes across a bromo-
benzene-saturated membrane in equilibrium cells. The ordinate expresses the amount
of radioactive material in side II as per cent of the amount in side I. The radioactive
elements were introduced into side I at time zero. Each symbol represents one
equilibrium cell. Composition of solution = (a) KCI and NaCl 0.75 mm each; (b)
KCI and TEABr 0.75 mm each. Temperature 23°C.

side was followed with time. The slopes of the curves represent the per cent of
material in side I which diffuses into side II per unit time and therefore the ratio
between the slopes of two curves is the permeability ratio for the ions concerned
(see equation 1). These are approximately 50 for the K+-Na+ permeability ratio
and around 5 for K+-TEA+ permeability ratio.

Another obvious difference between the various ions is the rapidity with which
their flux through the membrane attained a constant value. This is evident from the
fact that the linear curves intersect with the time abcissa at different points. If the
mobility of the ion along the axis of diffusion was constant, which is to be expected
for an homogeneous membrane under equilibrium conditions, the point of inter-
section, known as the holdup time, would be inversely proportional to the diffusion
coefficient D in the membrane. The relation between the two is given by the equa-
tion

D = 12/6T (4)

where T is the holdup time and 1 is the thickness of the membrane (5). Analysis
of the curves in Fig. 1 shows that the K+-Na+ and K+-TEA+ mobility ratios
are around 6 and 13 respectively. Given the permeability ratio of 50 and 5 it must
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be concluded (see equation 3) that the selectivity factors are about 9 and 0.4 for
K+-Na+ and K+-TEA+ respectively. These figures tally quite well with the pre-
viously reported selectivity factors (2).

However, the mobility ratios reported previously were much lower; e.g., 1.3 and
2.1 for the K+-Na+ and K+-TEA+ respectively. The discrepancy is due to the
fact that the mobility ratios in the present experiments have been determined at a
certain membrane composition for both ions whereas in the previous report the
mobility was estimated by measuring the electrical conductance of the membrane in
its pure forms on the assumption that (a) only cations carry electrical current
through the membrane and that (b) the mobilities of the ions are constant. The
justification for the first assumption, which was implicit in previous observations
(2), is reaffirmed in the next section. However, as will be shown in the other parts
of this study, the second assumption is entirely invalid for these membranes. Thus,
the previous estimation of the mobility ratio applies only to the particular conditions
under which it was studied.

2. The Relation between K+ Flux and Membrane Conductance. As
already pointed out the Millipore filters from different batches, although always
yielding the same bi-ionic potentials varied quite widely in the magnitude of their
electrical resistance. If the transference number of the cations is close to 1 it would
be expected that the fluxes of cations through the membrane would be proportional
to the electrical conductance of the membrane. Experiments were carried out with
the aim of relating K+ fluxes to the membrane electrical conductance. Filters from
different batches were saturated with bromobenzene and exposed to various solu-
tions. Using radioactive isotope, the K+ flux through the membrane was determined
in an equilibrium cell. The electrical conductance of the same membrane was
measured immediately afterwards. The results are shown in Table I. Given the

TABLE I

UNIDIRECTIONAL K+ FLUXES, MEMBRANE CONDUCTANCE, AND K+
TRANSFERENCE NUMBER FOR VARIOUS EQUILIBRIUM CELLS

The K+ transference number, tx, is determined by the equation tK = F'JK/RTk where JIK is
the unidirectional K+ flux in the equilibrium cell, k is the membrane conductance, F, R, and
T have their usual meaning. Temperature 25°C. Membrane area about 3 cm2.

Type of filter used Composition of solution Electrical conductance
K+ Na+ K+ fluxes 10-5 ohm-1 tK

mH mM 10-11 mole/sec
HA26 15.0 >0.4 0.7
VF25 15.0 1.5 5.6 1.0
VC47 15.0 1.04 3.97 0.93
VF47 1.5 - 0.92 3.60 0.96
VC2, 1.5 0.55 2.12 0.97
VF47 0.015 1.5 0.16 2.18 0.275
VF47 0.015 1.5 0.17 2.22 0.29
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Nemst-Einstein relation, Di = RT/F ui, where D and u are the diffusion coefficient
and the mobility respectively in an equilibrium cells, R, T, and F have their usual
meaning, it can be shown that the conductance due to the ion i, ki, is related to its
unidirectional flux, Jih by the following expression:

k =Ji p2 (5)

Therefore, the transference number, ti, (which by definition is ks/k where k is the
membrane conductance) can be determined by measuring the conductance of the
membrane and the flux of the ion i in an equilibrium cell through the equation:

= JiF (6)
ti kRT

6

The transference number for K+, calculated by equation 6, is shown in the last
column of Table I. It is evident that when the membrane is exposed to solution
containing only KCI the transference number for K+ is around 1 implying that
electroconductance due to chloride or electroosmosis is negligibly small.
When solutions bathing the membrane contain NaCl as well as KCI, the trans-

ference number of K+ is less than 1. It can be seen, however, that K+ accounted
for about 28% of the membrane conductance although it comprised only 1% of
the cations in the solution. If the Na+ accounted for the remaining 72% of the
membrane conductance it follows that Na flux was around 2.5 times higher than
that of K+. Since Na+ was 100 times more abundant than K+ in the aqueous solu-
tion it follows that the K+-Na+ permeability ratio was around 40, a value which
agrees reasonably well with the previous direct determination of the permeability
ratio.

3. Dependence of Ion Mobility on Membrane Composition. In order to
see whether or not the ion mobility was independent of counterion composition of
the membrane, experiments of the type shown in Fig. 1 were conducted for various
equilibrium cells and the holdup time determined. The results are shown in Table IL.
The diffusion coefficients were calculated by equation 4 on the assumption that the
membrane thickness is 0.015 cm (thickness of the dry filter). It is clear that the
mobility of each ion was markedly affected by the relative amount and the nature
of the other cation present in the solution. The mobility of each ion was highest
in a TEA+ membrane and lowest in a K+ membrane. It is also clear that the
relative mobility changes much less than the absolute mobility. The qualitative
nature of the interaction between the ions can be summarized as follows: mixing
of two cations in the membrane makes the fast ion go faster and the slow ion go
slower. Possible mechanisms for this kind of interaction are discussed below.

4. K+-Na+ Selectivity and Mobility Ratio as Function of Membrane Com-
position. A more thorough investigation of the K+-Na+ interaction in the mem-
brane was carried out by studying the K+-Na+ selectivity factor and membrane
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TABLE II

HOLDUP TIME FOR K+-Na+, K+-TEA+, AND Na+-TEA+
IN VARIOUS EQUILIBRIUM CELLS

In determining the holdup time and in calculating the average, a fraction of a minute was
neglected. It is obvious that as the holdup time decreases the accuracy of its determination
decreases too. The K+-Na+ equilibrium cells were sampled every 20 or 30 min, the other cells
every 60 min. The diffusion coefficient was computed by the equation D = P/6r where 7l
the holdup time and I is thickness of the membrane (0.015 cm).

Composition of No. of Holdup time in minutes Diffusion coefficient
solution mm experiments average-range average-range 10- cmM/sec

K+ Na+ K+ Na+ K+ Na+

1.5 - 1 16 - 4.00
0.75 2 16 - - 4.00
0.75 0.75 5 14 12-16 90 83-98 4.45 0.70
0.30 0.75 1 66 0.95
0.15 0.75 1 - 55 - 1.15
0.075 0.75 2 8 6-10 45 43-47 6.7 1.40
0.030 0.75 1 - 38 - 1.65
0.015 1.5 1 7 9.0

0.75 3 - - 23 21-25 2.70

K+ TEA+ K+ TEA+ K+ TEA+

0.75 0.75 2 9 130 110-150 7.0 0.48
0.30 1.5 1 -2 - -31.0 -

0.75 2 - 38 34-42 - 1.64

Na+ TEA+ Na+ TEA+ Na+ TEA+

3.0 0.075 1 20 62 3.1 1.0
1.5 0.075 1 14 51 4.4 1.2
1.5 0.75 1 10 - 38 - 6.2 1.64

conductance as function of membrane composition (Figs. 2 and 3). K+-Na+
selectivity factor is defined by

K XK aNa
XNa aK

(7)

where Xi is the fraction of the ion i in the membrane, and ai is the activity of the
ion in the aqueous solution. Although there was some variability in the selectivity
factor as determined it is evident from Fig. 2 that as the membrane became more
in the form of the "selected" ion (K+ ion) the selectivity factor decreased and vice
versa. This is quite a common feature for many ion exchangers. Karreman and
Eisenman (6) have collected evidence from literature showing that for many resins
the exchange equilibrium of two ions, A and B, can be expressed by an equation
of the type
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FIGuRE 2 K+-Na+ selectivity factors for a bromobenzene-saturated membrane as
function of the fraction of Na+ in the membrane, XN.. Temperature 230 to 25°C.
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FIGURE 3 Conductance of bromobenzene-saturated membrane as function of Na+
fraction in the membrane, XN.. The only other cation present was K+. Thus, XK +
XNS = 1. Temperature 230 to 25°C.
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KB (XA) aB (8)
\XIaA

where KBA and n are constants. The curve in Fig. 2 is a plot of KNaK as a function
of XNa assuming the applicability of equation 8 to these membranes with KNaK = 10
and n = 1.2. These values were chosen so as to get the best fit with the experimental
points. As can be seen this equation expresses reasonably well the dependence of the
K+-Na+ selectivity factor on the membrane composition.

The points in curve 3 were obtained by measuring the conductance of the mem-
brane exposed to NaCl solution and its alteration by adding KCI into the solutions
facing the membrane. The corresponding membrane composition was determined
by the smooth curve in Fig. 2.
By the aid of the curve in Fig. 2 the Na+ diffusion coefficient as shown in Table

II, could be plotted against membrane composition (dashed lower curve in Fig. 4).
Knowing the Na diffusion coefficient and membrane conductance as functions of
membrane composition (lower dashed curve in Figs. 4 and 3 respectively) it was
possible to calculate the K diffusion coefficient as function of membrane composi-
tion (upper dashed curve in Fig. 4).3

The curves in Fig. 4 are used in the discussion for estimation of the diffusion
potential in a K+-Na+ bi-ionic cell. As will be noted below the conclusions drawn
from their use are not very sensitive to the uncertainty due to their approximative
nature.

5. Time Course of Ion Exchange in the Membrane. Another way of
studying the interaction of ions in the membrane is by following the time course of
the ion exchange between water and membrane. If only two monovalent cations
are involved the flux of each cation at a certain plane in the membrane can be given
by an expression similar to Fick's law

dCi - ii dXi (9)
- Ji =DinS ~~or ~=Din(9dx SC d

where C is the total capacity of the membrane in equivalents per liter, S is the area
and Di is the interdiffusion coefficient given by

= DADB F X
2 d In KBA1(0

DAXA + DB XB L A) dXA (10)

3 The membrane conductance, k, is given by k = SF/I (CNaUNa + CKUK) =SFC/I
(XNXUN. + XKUK) where C is the total membrane capacity and S is the membrane area. Using
the Nernst-Einstein relationship one obtains k = SF'C/lRT (XNaDNa + XKDK). The factor
SF'C/l.RT can be determined by knowing membrane conductance and the Na+ diffusion co-
efficient at zero K+ in the membrane. Thus, SFPC/lRT = k0/DNa° where k° and DN.O are the
membrane conductance and the diffusion coefficient of Na+ respectively at XK = 0. On re-
arranging the equation for the conductance of the membrane, one obtains DK = kDN.°/k° (1-
XNx) - XN.DN./1 - XN,. This equation enables one to solve for DK if k and DNa are known.
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FiGuRE 4 The diffusion coefficients of K+ and Na+ in a bromobenzene-saturated
membrane as function of membrane composition, XNa, where XN. + KK = 1. The
Nal diffusion coefficient (points) are taken from Table II using the curve in Fig. 2
to calculate the corresponding XNa. The dashed lower curve is a visual estimate of the
function: DN. (XNa). The dashed upper curve is the function, DK (XNa), calculated
by the aid of the lower dashed curve and by the curve in Fig. 3. The linear (solid)
curves having the following formulas:

DNa = (0.6 + 2 XN.) 1V cm2/sec
DK = (3.6 + 4.4 XN.) 10' cm'/sec

are used in the discussion for estimation of the diffusion potential in a K+-Na+ bi-ionic
cell.

where
KBA XA aB

XBaA-
(equation 10 can be derived from equation 3.10 in reference 7 if one considers
only univalent cations and remembers that

d In (fA/fB) d ln KBA dXA
dx dXA dx
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where f is the activity coefficient in the membrane). If the selectivity factor, KBA,
is constant the interdiffusion coefficient will be given by the well-known expression
outside the parenthesis of equation 10 (8). Therefore, if a membrane in an A form
is converted into a membrane of a B form in successive steps it is to be expected
that the first step will be determined by the diffusability of ion B in a pure A mem-
brane and the last step by the diffusability of ion A in a B membrane.

In the experiments performed here a membrane was exposed on both sides to a
solution containing one type of cation, say A, and converted into the B form by
adding successively small amount of B ion (more selected ion) into the solutions
bathing the membrane. The exchange of A for B was accompanied by a change in
membrane electrical conductance, k. After each addition of the ion B, the time
course of the B-A exchange was followed by measuring the membrane conductance
and sufficient time (t = oo) was allowed for the system to attain a new equilibrium.
It was assumed that during each step the membrane conductance is a linear function
of the fraction of each ion in the membrane. (This is obviously true as the steps of
change becomes increasingly small.) Therefore, Akt/Akoo = Qt/QCO where Qt is
the amount of ion B which entered the membrane during the time t after introducing
B into the water solution. If the range of the change in membrane conductance,
Ko -k., for each step becomes small the interdiffusion coefficient could be con-
sidered constant for the entire step. In this case the ratio Akt/Akoo as a function
of time could be evaluated as follows: the differential equation dXi/dt = Did2Xi/dx2
is solved. Introducting the appropriate boundary conditions the function X1(x, t)
is obtained. The amount entering the membrane is given by -C S Di. (dXj/dx)o=o
dt and therefore

Akt/Akw = f (dXi/dx).0o dt/ (dXi/dx)..O dt.

A solution to this expression is given by Crank (reference 5 p. 55). In Fig. 5 the
time course of the ratio Akt/Akoo for a step in Li+-K+ exchange is shown and
compared with the time course expected for an interdiffusion coefficient equal to
2.10-8cm2/sec and membrane thickness of 0.015 cm. (The curve in Fig. 5 was
constructed from the curve designated 0% uptake in Fig. 4.6 of reference 5 remem-
bering that the exchange in these experiments proceeds through both surfaces of the
membrane and therefore the I appearing in that reference corresponds to half the
thickness of these membranes.) Although the interdiffusion coefficient cannot be
considered constant throughout the whole macroscopic interval it is evident that
Akt/Akoo as a function of time can give some idea about the magnitude of the inter-
diffusion coefficient at every step. In Table III the time required for attaining
Akt/Akoo. = 0.5 for various ion exchanges is shown with the corresponding equiv-
alent interdiffusion coefficients which can be computed with the aid of Fig. 5; i.e.,
Din = 2.10-8 9/t. (If Din is 2.10-8cm2/sec it would take 9 min to accomplish half
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FiGuRE 5 The fractional change in membrane conductance (Akt/Ak.) as function of
time. The change in membrane conductance was brought about by introducing K+ into
a solution containing mainly Li+ at time zero. The solid line is a theoretical curve
for an interdiffusion coefficient equal to 2.10 cm'/sec and membrane thickness of
0.015 cm (see text).

the exchange.) It can be seen that the fourth stage in the Na+-K+ exchange pro-
ceeds 4 to 5 times more slowly than the first stage. From Fig. 4 it can be gathered
that the infinitesimal last step in the exchange of Na+ for K+ should be about 12
times slower than the infinitesimal first step. It can also be seen that the interdiffu-
sion coefficients for the K+-Na+ exchange as shown in Table III are within the limits
predicted from Fig. 4; i.e., between 0.7 to 8.0 108cm2/sec. Table III indicates also
that the exchange of Li+ for K+ proceeds more rapidly at the first stage of the
exchange. The opposite is true for the K+-quinine exchange. If the mobilities of
these ions were considered constant the expected ratios between the interdiffusion
coefficients at the begining and at the end of the quine-K+ and Li+-K+
exchanges would be only around 2 and 4 respectively compared with over 7 and
100 as found experimentally. It is therefore very probable that these ions affect the
mobility of each other in the same way as shown previously namely, the slow ion
becomes slower as more of the rapid ion is present in the membrane and the rapid
ion becomes quicker as more of the slow ion appears in the membrane.
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It is possible of course that some peculiar behavior of the expression d In KBA/
dXA may also be affecting the magnitude of the interdiffusion coefficients. If the
exchange equilibrium of the two ions is expressed by equation 8 it is clear that:

dln KBA I- n
dXA (X A- XA ) (11)

Introducing equation 11 into equation 10, equation 10 becomes equation 12.

DADE 12
= n DAXA + DBXB (12)

In this case, therefore, the relative magnitudes of the interdiffusion coefficients
remains identical with those predicted for a constant selectivity factor, while the
absolute magnitude is different by a factor of n.

6. The Composition of a Membrane in a Bi-lonic Cell. Hellferich (7) has
shown that in a bi-ionic cell with membrane limited diffusion the less mobile coun-
terion will be accumulated by the membrane; the selectivity of the membrane being
irrelevant. For the case of constant diffusion coefficients, DA and DB, the extent of
accumulation of the slower ion can be evaluated as follows: when a steady state is
reached the fluxes of A and B through each plane of the membrane are equal and
constant; i.e.,

dXA _ dXBDin = Din.d = constant. (13)ndx - ~dx

Integrating and introducing the boundary conditions it is found that

DA ii DB
XA= DA -DE (14)

(see also reference 7) The fraction of ion A in the membrane, FA, is

FA = XAdx (15)

Introducing equation 14 into equation 15 it is found that

FA DA DA (16)
In D DB

In Table IV, the conductance of a membrane in K+, Na+, or Li+ pure forms
and in a K+-Li+ and Na+-Li+ bi-ionic cells are shown. If the mobilities of these
ions would be constant the relative mobilities of K+/Li+ and Na+/Li+ would be
around 2.3 and 1.6 respectively. For such relative mobilities the fraction of Li+ in
the membrane would have been according to equation 16, 0.57 and 0.53 respec-
tively. However, if the mobilities of the ions were constant the conductance of the
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TABLE IV

CONDUCTANCE OF MEMBRANE EXPOSED TO 0.015
M LiC12 (kLi), THE CONDUCTANCE AFTER REPLACING
THE SOLUTION ON ONE SIDE WITH 0.015 M NaCl OR KC1
(kLi-N, AND kLiK RESPECTIVELY), AND THE CONDUCT-
ANCE AFTER REPLACING THE OTHER SIDE TOO WITH

0.015 M NaCl OR KC1 (kN, AND kK RESPECTIVELY)

Membrane conductance 10-6 ohm-'
kLi kLi-NS kN. kLi kLi-K kK

1.65 2.2 3.75 1.71 2.10 2.78
1.65 2.00 2.50

membranes in the bi-ionic cells would indicate that the fraction of the Li+ in the
membrane is more than 0.7 and 0.6 in the Li+-K+ and Li+-Na+ cells respectively.
Such high fractions of Li+ correspond according to equation 16 to relative mobilities
of about 15 and 5 respectively. This fact implies Li+-K+ and Li+-Na+ affect
the mobilities of each other in much the same fashion as indicated in the preceding
sections.

DISCUSSION

Correlation between the K+-Na+ Bi-lonic Potential and the other Dis-
criminative Properties of the Membrane. In a previous communication (2) a
semiquantitative correlation between the bi-ionic potential, VB1, and selectivity and
relative mobility of the ions was based upon the equation VBA = RT/F In KBA UA/UB.
This equation is implicit, with slight variation in the work of many authors (6, 9,
10). In the derivation of this equation the assumption was made that the mobilities
of the ions are constant. Since this assumption is clearly incorrect for these mem-
branes, the previous correlation is invalid. In the following, equations based upon
more realistic assumptions for these membranes are derived. Using these equations
and the data about K+-Na+ selectivity and mobilities as presented in Figs. 2 and
4, the bi-ionic potential will be computed and compared with the measured value
whichis92 3 mv (2).

It is assumed that the bi-ionic potential is the sum of the difference in the equilib-
rium interfacial (or Donnan) potentials, ATe, and the diffusion potential, Afd.
(6, 7, 11).

The difference in interfacial potential. The interfacial equilibrium po-
tential is given for each interface by the equation 17.

-RT Cifi (17)
F ai

where ft is the act'iv'ity coefficient for the ion i in the membrane. Since in a bi-ionic
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cell of the type used in these experiments CA = CB and aA = aB it follows that the
difference between the two interfacial potentials is

A -.= RTinfB(XB =1)(8
F fA(XA =1)

If the selectivity factor is constant it is clear (considering also Gibbs-Duhem rela-
tion) that fB/If = KBA and therefore Agte = -RT/F In KBA. Eisenman (12) has
shown that where the exchange equilibrium is given by equation 8 the difference
between the interfacial potentials is A+, = -RT/F In KBA. Since in these mem-
branes the KNaK is about 10 (sec Fig. 2) it follows that at 25°C the difference
between the interfacial potentials in a K-Na bi-ionic cell is about 58 mv with the K
side negative.

The diffusion potential. The following assumptions are made in order to
arrive at equation 19 (see Appendix): (a) Only two monovalent cations, A and B,
are present; i.e., XA + XB = 1. (b) Coions are excluded completely. (c) Each
cation is acted upon only by its own electrochemical gradient. (d) There is no
electroosmotic flow in the membrane.

RTFAd =

A (d In KB /dXA) dXA (19)
R T A side I XA + UB/(UA - UB)

In the following integrations of equation 19 it will be assumed that KBA is con-
stant; i.e., d In KBA/d XA = 0. If the exchange equilibrium of the ions is expressed
by equation 8, d In KB /dXA is given by equation 11. Introducing equation 11 into
equation 19, equation 19 becomes:

-F rXAII 1
-A %utd=n X 20

RT JXAI XA + UB/(UA - UB) A(20)

Thus any solution of equation 19 for the case d In KBA/dXA = 0 has to be multi-
plied by the factor n if equation 8 is applicable.

If UA/UB is constant the solution of equation 19 yields the well-known expression
for the diffusion potential in bi-ionic cells (with zero mobility of anions).

ARJd = In UA (21)
RT UB (1

Equation 21 multiplied by n is identical with the equation derived by Karreman
and Eisenman (6).

In order to arrive at conditions which approach more closely those prevailing in
these membranes it is assumed that the mobility of each ion is a linear function of
the fraction of the ion in the membrane. Thus,

uA = b, + al XA

UB = b2 + a2 XA (22)
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where a,, a2, b1, and b2 are constants. Introducting equation 22 into equation 19
equation 19 becomes equation 23.

-F r~XAII s + rXAAld= X 2 + ddX (23)RT XAl rXA2 mXA + b2 dA(3

with the following substitutions: r = at - a2, s = b- b2, and m = b- b2 + a2
the general solution of equation 23 for bi-ionic cells is

rnr+m+b2+s - m/21 (2r+m- g)(m+~) (4RT 2 gb2 (2r + m + g)(m - g)

where g = (m2- 4 rb2) 1'2. In Fig. 4 the diffusion coefficients of Na+ and K+ as
function of the Na+ fraction in the membrane were approximated by linear curves.
Using equation 24 the diffusion potential is found to be around 32 mv. Multiplying
by the factor n = 1.2 to account for the fact that KKNa is not constant (see previous
paragraph), the expected diffusion potential in the K+-Na+ bi-ionic cell is around
36 mv. The total K+-Na+ bi-ionic cell potential is therefore around 58 + 36 =
94 mv which is in good agreement with the measured value of 92± 3 mv.
An estimate of the limits of the K+-Na+ diffusion potential was made by draw-

ing two extreme linear curves about the dashed lines in Fig. 4. The diffusion po-
tential was calculated taking the highest curve for DK and the lowest one for DNa
and vice versa; the diffusion potential was then found to be (for n = 1, 2) 40 mv
and 32 mv respectively. It is obvious therefore that in spite of the approximative
nature of the curves in Fig. 4 the K-Na diffusion potential is not likely to differ by
more than ±5 mv from the calculated value.

It is worthwhile to note that in the evaluation of the diffusion potential, i.e. the
solution of equation 19, it is only necessary to specify the boundary conditions; the
profile of counterions in the membrane is immaterial. This is true if the mobilities
of the ions and the selectivity factor depend on x only through the dependence of
XA on x, and hence it would be the case for any membrane that is homogeneous
with respect to the x axis. Therefore, any shift in potential subsequent to a change
in the composition of the solution facing the membrane should attain a constant
value as long as equilibrium or steady-state conditions prevail at the interfaces, even
before a new concentration gradient is established within the membrane.4 This is
true for the diffusion potential of any liquid junction in which the boundary is of
the "mixture" type. [Henderson integration of the diffusion potential (14).] This
conclusion is borne out by experiments on these membranes. Thus, the potential of
a K+-Na+ bi-ionic cells was changed promptly by adding K+ to the Na+ side and
the potential attained a constant value within 1 to 2 min (2) although experiments

4 In a recent paper Conti and Eisenman ( 13) have shown that if the mobility ratio is constant
the diffusion potential would be independent of the concentration profile even if the ion
mobility depends on x.
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reported here would indicate that it would take much longer for the Na+ in the mem-
brane to be replaced by K+. This is particularly impressive for the toluene saturated
Millipore filters where the Na+ holdup time is in the order of a day (15), and yet
the membrane potential responds in stepwise manner to a change in the composi-
tion of the surrounding solutions (1).

Mechanism of Interaction between Ions in the Membrane. The interac-
tion between ions in these membranes is interesting not only because of its magni-
tude but also because of its qualitative nature. In water solution the bringing together
of rapid and slow ions makes the rapid ions slower and the slow ions faster due to
the relaxation effect. This type of interaction is also found in ordinary ion ex-
changers (16, 17) where the ions move presumably in water-filled capillaries. It
is obvious that the interaction between the ions in these hydrophobic membranes is
just of the opposite nature. Two possible mechanisms will be considered in explana-
tion of this phenomenon.

(a) It is assumed according to the first hypothesis that the mobilities of the ions
is affected by the degree of water swelling or water content of the membrane (3).
Thus a Na+ membrane swells more than a K+ membrane ( 18) making it easier for
any cation to move in a Na+ membrane. According to this assumption it would be
expected that ion mobilities would be related to membrane forms as follows:
Li>Na>K, as actually found. The position of the substituted ammonium ions is,
however, not in the appropriate place. Although TEA will swell ordinary ion ex-
changers more than Na+ (18) it seems that for these hydrophobic membranes the
TEA and quinine forms contain less water than the Na+ one (19) and yet they
form membranes which are more favorable for the movement of ions.

(b) The other explanation is connected with a possible mechanism of ion move-
ments in these membranes. According to this hypothesis ion movement in such
membranes consist of "jumps" of the counterions from their position near fixed
charged sites to adjacent vacant sites. Therefore, the diffusability of the ion will be
determined both by the activation energy of the "jump" and by the probability that
an adjacent site is vacant; i.e., by the relative concentration of vacant sites. It is
further assumed that vacancies are formed by movement of counterions from their
position near fixed sites to an interstitial position. This reaction can be symbolized
as follows A8 1 At + v where A is a counterion, subscripts s and i refer to its posi-
tion near a fixed site and interstitially respectively, and v denotes vacancy. The
number of vacancies will depend upon the free energy change of the above reaction.
This type of diffusion occurs in crystals and this type of vacancy formation is
known in solids as Frenkel's disorder (20). A similar mechanism has been sug-
gested for the movements of ions is glasses (21).

Following this hypothesis the change of the mobility with change in membrane
composition might be due to the change in number of vacancies in the membrane;
the ions being more mobile in a membrane which contains more vacancies. This
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would imply that ions which form the more favorable environment for diffusion are
those which produce more vacancies. It is necessary, therefore, to examine the
plausability of the implication that the free energy of vacancy formation for the
ions tested in increasing in the order: quinine -, TEA+>Li+>Na+>K+. A pos-
sible way of approaching this problem is by considering the relative distribution
coefficients of the ions between interstitial medium and water as against the selec-
tivity of the fixed sites; the higher the distribution coefficient and the lower the
selectivity the lower the free energy of vacancy formation to be anticipated. Since
the interstitial medium in these membranes is of hydrophobic nature it is reasonable
to assume that the free energy of vacancy formation is lower for quinine or TEA+
in comparison with the alkali metal ions. This would account therefore for the
higher mobility of the ions in the TEA+ or quinine membranes. As far as the rela-
tion between the alkali metal ions themselves is concerned it should be emphasized
that the relative solubility of these ions is hydrophobic solvents depends greatly
upon the nature of the solvent. Thus, aliphatic alcohols will dissolve Li+>Na+>K+
(22) while the reverse is true for nitrobenzene (23). In these membranes the inter-
stitial medium is presumably bromobenzene and the cellulose ester skeleton and
it is impossible to infer from available solubility data what would be the order of
solubility of alkali metal ions in such a medium. It should be noted, however, that
even if the distribution coefficient of K+ for this particular hydrophobic medium is
5 times higher than that of Na+ it is still the Na+ which will form more vacancies,
since the anionic sites prefer K+ over Na+ some 10 times. In conclusion it would
seem plausible that the higher mobility of ions in the Na+ as against K+ membrane
is due to the presence of more vacancies in the Na+ membrane.

However, if the only way in which the mobility of the ions is affected were by
the variation in concentration of vacancies, it would be expected that the mobility
ratio would remain constant which is not the case for the K+-Na+ mobility ratio.
It is clear from Fig. 4 that the K+-Na+ mobility ratio varies from around 6 in a
K+ membrane to around 3 in a Na+ membrane. It is likely therefore that both of
the above mentioned mechanisms act together to produce the kind of interaction
observed.

K+-Na+ Discrimination. From the biological point of view the most
interesting feature of these hydrophobic membranes is their ability to discriminate
sharply between K+ and Na+, a fact already emphasized in previous publications
(1, 2). The contribution of this study is the demonstration that a significant part
of this discrimination is due to difference between the mobilities of the two cations.
Unlike the previous estimated mobility ration of 1.3 (2) these studies show that
the K+/Na+ mobility ratio can attain a value as high as 6. The high mobility ratio
together with the high selectivity of the membrane for K+ lead to the sharp
K+-Na+ discrimination as expressed by the permeability ratio (see Fig. 1) and by
the magnitude of the bi-ionic potential. In this respect, an ion being both more
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selected and more mobile in these membranes, they differ from ordinary ion
exchangers. Thus, ion exchangers containing dipicrylaminelike groups as fixed
negative charges are highly selective for K+ but the K+ in these membranes is
relatively less mobile (see pp. 42 and 304 in reference 8). Wyllie and Kannaan
(24) have collected values for the K+-Na+ selectivities and mobilities in various
ion exchangers. With selectivity factors, KNaK, reaching up to 2.1 the mobility ratio
as estimated by measuring the resistance of membranes in the pure forms varied
from 1.2 to 1.6. The actual mobility ratio as estimated from the bi-ionic potential
is even lower (24). This mobility ratio, of the same order of magnitude as found
in water solution, may be attributed to the difference in friction with the medium
due to difference in the size of the hydrated ions. It is very unlikely that the mobility
ratio observed in these membranes is related to difference in friction of the ions
with a continuous medium. For this to be the case the Na+ radius would have to be
up to 6 times as large as that of K+; a relationship which is untenable. In view of
the idea that diffusion in these membranes consists of jumps of ions from one site
to another, the lower mobility of Na+ would be related to its stronger binding to
the fixed sites. Thus, the energy of activation required to take the Na+ out of its
energy well near a fixed site would be higher than that for K+. The high selectivity
for K+ might be attributed according to Eisenman's model (12) to the differential
free energy change of hydration which accompanies the movement of ions from
water into the membrane.

It would seem, therefore, that the hydrophobic medium surrounding the fixed
charged sites allows only dehydrated or partially dehydrated ions to enter the
membrane. By virtue of this restriction K+ is selected over Na+. However, the
Na+ which entered the membrane is bound more tightly to the fixed site and there-
fore its mobility is lower. It is tempting to speculate that this is the essence of the
K+-Na+ discrimination elicited by cellular membranes.
An important reservation applying to inferences from work on artificial mem-

branes to biological ones is connected with the difference in thickness typical of
the two kinds of membranes. If the membrane is thick enough it is permissible
conceptually to divide the membrane into many thin planes and to consider the
mobility of an ion at each plane as independent of the direction of the force acting
on the ion. This assumption is implicit in the derivation of equation 19. However, in
very thin membranes, say of the order of 5 to 10 diameters of an ion, it is necessary
to know also the mechanishn of interaction between the ions in order to be able
to predict the diffusion potential across such a membrane. In order to illustrate
this point, consider membranes having a similar kind of K+-Na+ interaction as
shown in this study and assume that the mechanism of interaction is related to
difference in the free energy of vacancy formation between the two ions (see pre-
vious discussion). Thus, assume, that the probability that K+ will move out of its
position near a fixed site is 5 times higher than that for Na+ and therefore the
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K+/Na+ mobility ratio at any particular membrane composition is 5. However,
in a Na+ membrane the absolute magnitude of the mobilities is 4 times higher than
that in a K+ membrane since there are 4 times as many vacancies in a Na+ mem-
brane. Now suppose that an ultra thin membrane (say only two rows of fixed sites
present) of that type separates a Na+ from a K+ solution. If diffusion through the
membrane is still the limiting process, one row of the fixed sites will be occupied
by K+ and the other by Na+. It is obvious that under these conditions the prob-
ability of K+ moving into the Na+ side is 20 times higher than the probability of
Na+ moving into the K+ side. Since the condition of electroneutrally requires that
K+ flux be equal to Na+ flux, a potential difference will develop to enhance Na+
and inhibit K+ movements. The diffusion potential in such a thin membrane would
correspond, therefore, to an apparent mobility ratio of 20 as against 5 for the
thick membrane.

Thus, it is possible that discrimination by a very thin membrane would be very
different from that of the thick membrane if judged by the magnitude of the bi-ionic
potential.

APPENDIX

DERIVATION OF EQUATION 19

Assumptions

(a) Only two monovalents cations A and B are present on two sides of membrane I and
II. (b) The rate-limiting process is diffusion through the membrane; i.e., equilibrium
conditions prevail at the interfaces. (c) Complete exclusion of co-ions by membrane.
(d) Each ion is acted upon only by its electrochemical gradient. (e) Electroosmotic
flow negligible. (f) Macroscopic electroneutrality so that at each plane of the mem-
brane JA + JB = 0. (g) Membrane homogenous with respect to x axis, and no electro-
chemical gradient in the y or z coordinates.
By assumption (d)

JAF = UACA d,A + UACA Fd' (1)
s - AAdx dx

u, is mobility, C4 is concentration of ion, ,u, chemical potential, + the electric potential,
F the Faraday, S the area, and J, the ion flux. Neglecting effect of pressure we have:

d, = RTdlnfiC. (2')

where f, is the activity coefficient in the membrane. R is the gas constant and T the
absolute temperature.
By assumptions (c) and (f)

CA = XAC CB = XBC (3')
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where C is the concentration of fixed sites which is independent of x and X, is the
fraction of fixed sites occupied by the ion i.
Introducing equations 3' and 2' into equation 1'

JAF RTUA XA d nXA + RTuAXA d nfA +UAXAF dip (4')
SC dx dx dx

By assumption (f)

dXA dXB d In fA dInf0 = RTUA d + RTUB dX + RTuAXA + RTUBXB (5')dx dx dx dx

+ (uAXA + UBXB)F d&/dx or remembering that dXA = -dX,

O = RT(UA - UB) dXA

+RT(UAXA dInA+ UB XB d n ) + (UAXA + UBXB)FF d (6')\d x +UX dx ,'dx

We shall derive now expressions for d In fA and d In fB using the Gibbs-Duhem relation
and the selectivity factor of the membrane. By definition

A XA aB ('
KBA = 1 - XA aA

where a is the activity in water solution. We expect that there is some thermodynamic
equilibrium constant for an exchange reaction defined by

KT XAIA aB (8')
(1 - XA)fB aA8

from equations 7' and 8' we obtain

KB =KT or ln KB = n KT +ln fB (9')

since KT is constant we have

dln KBA=d lnfB-dn fA (10')

from Gibbs-Duhem relation we have

dAA 1 - XA (11')
dAB T.z, XA

or using equaution 2'

d In CA+ d In fA 1 - XA (12')
d ln CB+ dln fB XA

since

d ln CA d ln XA dXAXB XB 1 -XA
d In CB d In XB dXBXA XA XA
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in order for the equality in equation 12' to hold it is necessary either that d In fI = d In
= 0 (in which case the middle term of equation 6' drops) or

d In fA 1 - XA (13 )
d In fB XA

or

d In fA XA d In fB (14')
XA

introducing equation 10' into equation 14'

d In fA = -(1- XA)d In KB (15')
d In fB = XAd ln KB (16')

Introducing equations 15' and 16' into equation 6'

-F dx (UA XA + UB XB) = (UA - UB) dXARTdx dx

-UA XA( - XA)dn KB + UB( XA) XA dKBA (17')dx dx

RF - (UA - UB) - (UA UB)(XA XA )(d In KB /dXA) dX (18')
RT XA(UA - UB) + UB

Thus,

F,S,1 FR = 1 (XA XA )(d In KBA/dXA) dX (
RT RT A I XA + ~~UB/(UA - UB)
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